Abstract. We study the relation between zeta-functions and Iwasawa modules. We prove that the Iwasawa modules X − k (ζp) for almost all p determine the zeta function ζ k when k is a totally real field. Conversely, we prove that the λ-part of the Iwasawa module X k is determined by its zeta-function ζ k up to pseudo-isomorphism for any number field k. Moreover, we prove that arithmetically equivalent CM fields have also the same µ − -invariant.
Statement of the main theorems
Let k be a number field, and S be a finite set of rational primes. Let p be a prime not in S, let ζ p be a p-th root of unity, denote Gal(k(ζ p )/k) by ∆, and write
, where k(µ p ∞ ) is the field obtained by adjoining all the p-power roots of unity to k.
Theorem 1. Let S be a finite set of primes. Let k be a totally real number field. Suppose we know X − k(ζp) as a Λ[∆]-module up to pseudo-isomorphism for all p /
∈ S; then we can determine the zeta function ζ k of k.
Arithmetically equivalent fields k and k have the same normal closure L, and k ∩ Q ∞ = k ∩ Q ∞ , so that the Galois groups of the basic Z p -extensions k ∞ /k and k ∞ /k can be identified. Let Note that X λ is pseudo-isomorphic to j Λ/f nj j (T ) . 
Theorem 2. Let p be a prime number. Let k and k be number fields such that ζ k = ζ k . Then the Iwasawa modules X k,λ and X k ,λ are pseudo-isomorphic as Λ t -modules for some t. Moreover, X k is isomorphic to X k as a Λ-module if p does not divide the degree [L : k] = [L : k ]. If k is a CM field and ζ k = ζ k for a number field k , then k is also a CM field and charX

The Main Conjecture
A Z p -extension of a number field k is an extension k ∞ /k with Gal(k ∞ /k) = Γ Z p the additive group of p-adic integers. Let γ be a topological generator of Γ. Let A n be the p-Sylow subgroup of the ideal class group of the unique n-th layer k n of the Z p -extension k ∞ /k. Then X k = lim ← A n is isomorphic to the Galois group
γ is well-defined. In some cases, we will use the additive notation γx instead of the multiplicative one x γ . We make
]-module in the following way;
Iwasawa proved the following theorem. The idea to prove the theorem is to make X k into a Λ-module.
be the exact power of p dividing the class number of k n . Then there exist integers λ ≥ 0, µ ≥ 0, and ν, all independent of n, and an integer n 0 , such that
Let Q ∞ /Q be the unique Z p -extension of Q. Then the compositum kQ ∞ is a Z p -extension of k, which is said to be the basic Z p -extension of k. Ferrero and Washington [2] proved that the µ-invariant is zero for the basic Z p -extension k ∞ /k when k is abelian over Q. Iwasawa [7] constructed a non-basic Z p -extension whose µ-invariant is not zero. It has been conjectured that we always have µ = 0 for the basic Z p -extension.
Two Λ-modules M and M are pseudo-isomorphic, written M ∼ M , if there is a Λ-module map between them with finite kernel and cokernel. The relation ∼ is not reflexive in general. However, it can be shown that it is reflexive for finitely generated Λ-torsion modules. A non-constant polynomial g(T ) ∈ Λ is called distinguished if
By the structure theorem of Λ-modules, every finitely generated Λ-module M is pseudo-isomorphic to a module of the form
where r, s, t, n i , m j ∈ Z, and f j is distinguished and irreducible. The charac-
Proof. See Washington [14, page 286] .
Let k be a totally real number field. Fix a rational odd prime p, and for every integer n ≥ 0, let
A n be the Sylow p-subgroup of the ideal class group of K n , and Y n be the Galois group M n /K n , where M n is the maximal abelian p-extension of K n unramified outside primes above p. Define
all inverse limits with respect to the norm maps, the direct limit with respect to the induced map of lifting of ideals. The Iwasawa module X k(ζp) is isomorphic to the Galois group of the maximal unramified abelian p-extension of
Define the Iwasawa algebra 
For any integer i = 0, 1, . . . , |∆| − 1, define θ i -idempotent
is a finitely generated Λ-module and X k(ζp) is a finitely generated torsion Λ-module. For every odd integer i, there exists a fraction of power series G(T, θ i ) in the field of fractions of Λ satisfying
where
is characterized by the following relation:
for every negative integer s. For every odd integer i, let
By Kummer theory, we can prove that
The following theorem is proved by Wiles [15] (the "Main Conjecture").
Theorem 5. For each odd integer i, H(T, θ
). Hence we have the following equivalent form of the Main Conjecture.
Theorem 6. For each odd integer i, F
i ((1 + T ) −1 − 1)Λ = H(T, θ i )Λ .
Proof of theorems
Notations are the same as in section 1. We define the minus-part of X k(ζp) by
We state the main theorem of this chapter. We let ord p denote the usual valuation on Q p , normalized by ord p (p) = 1, and let |x| = p −ordp(x) .
Lemma 1.
Let {x n } be a sequence in C p , which converges to
Proof. Since x n approaches x 0 , |x n − x 0 | is strictly less than |x 0 | for n sufficiently large . Therefore |x n | = max{|x n − x 0 |, |x 0 |} = |x 0 | for n sufficiently large.
Let S be a finite set of primes which contains the prime number 2. Proof. If n is a negative even integer, then ζ k (n) = 0. Fix a negative odd integer n. Let p be a prime number not in S. Then n ≡ i n mod |∆|, for some odd integer i n , 0 ≤ i n ≤ |∆| − 1 . It is well-known that the values ζ k (n) are in Q. By Theorem 6, we know the value
Hence the absolute value of ζ k (n) is determined up to primes in S.
is non-zero if and only if i and n have the same parity.
Proposition 2. Let S = {p 1 , . . . , p t } be any finite set of primes. Then there is a sequence {a n } of odd integers such that ord p (ζ k (a n )) is constant for n sufficiently large for all primes p in S.
Therefore there exists a positive integer N such that ord pi ζ k (a n ) = ord pi ζ k (1 − 2σ 1 · · · σ t ) for every integer n > N, and i = 1, · · · , t. This completes the proof.
By the functional equation, we have the following equation.
, and d k is the absolute value of the discriminant of k. Hence we have
Finally, we get the following equation.
for any positive even integer . Now we are ready to prove Theorem 7 by following the idea of Goss and Sinnott [4] . Let n be a rational number, S be a finite set of primes. We define (n) S−part = p∈S p ordp(n) , and (n) non−S−part = n/(n) S−part . Let x > 0 be a real number. Then from the equation (2), we have the following equation;
Choose a sequence {a n } as in Proposition 2, and let a n = 1 − n . By Propositions 1 and 2 , we know the value of
up to an (unknown) constant independent of n, as long as n is sufficiently large. The right-hand side of the equation (3) approaches 0 as goes to ∞ if N < x, and goes to ∞ if N > x. Hence the same is true of (4). Hence we can read off N . Going back to the equation (2) with = n , we can determine A;
by Propositions 1 and 2. Hence we know the discriminant d k . Here 1 − a n is a multiple of 4 since σ i is even. Since the value cos(4mπ/2) for integer m and the values of zeta function at positive integers not equal to 1 are positive, we know, by the equation (1), the values ζ k (a n ) are positive. By Proposition 1, we know the non-S-part of the values of zeta function at a n , and by Proposition 2, the S-part is constant for n sufficiently large. Hence, with the functional equation, we can determine the S-part of the values of the zeta function at the sequence a n for large n, i.e , we have:
for n sufficiently large. Therefore, by Proposition 1, we know the values ζ k (1 − n ) for n sufficiently large.
Then we have
We know the values of the right-hand side of the above equation for n sufficiently large, which will be denoted by c n . We know b 1 = 1, and
Continuing the above process, we can determine all the coefficients b m 's, so we can determine the zeta function ζ k (s). This completes the proof of Theorem 7.
Let k, k be totally real number fields, and let S be a finite set of primes containing all the primes which are ramified in k and k . Then the number fields k and k are linearly disjoint with Q(µ p ∞ ) over Q for p / ∈ S. Let K ∞ = k(µ p ∞ ), and let 
Corollary 1. Let k and k be totally real number fields. Let S be a finite set of primes containing all the primes which are ramified in k and k . Assume that the two Iwasawa modules
X − k(ζp) ∼ X − k (ζp) are pseudo-isomorphic as Λ[∆]-modules for all p / ∈ S; then ζ k = ζ k .
Arithmetic equivalence
Let k be a number field, and o k be its ring of integers. Let po k = p (f 1 , . . . , f g ) is called the splitting type of p in k. We define a set P k (A) by P k (A) = {p∈Z : p has splitting type A in k}. The notation S . = T will be used to indicate that these two sets differ by at most a finite number of elements. Two subgroups H, H of a finite group G are said to be Gassmann equivalent in G when
for every conjugacy class c G = {gcg −1 |g ∈ G} in G and c in G. Let k and k be number fields, and L be a Galois extension of Q containing k and k . Write
The normal core of k is the largest subfield of k normal over Q. It is the fixed field of the subgroup H σ |σ ∈ Gal(L/Q) generated by all conjugates of H. We call k, k arithmetically equivalent if H and H are Gassmann equivalent in G. Note that this definition is independent of the choice of L and that if k, k are arithmetically equivalent, then they have the same normal closure.
Lemma 2 (Perlis [10]). Two arithmetically equivalent number fields k and k have the same normal core.
With this notation we have the following theorem.
Theorem 8. The following are equivalent.
(
Proof. See Komatsu [8] .
Let H and H be Gassmann equivalent. Let {ρ 1 , · · · , ρ t } and {ρ 1 , · · · , ρ t } be right coset representatives of H\G and H \G, respectively. Then we have two homomorphisms π, π from G into symmetric group S t given by π g (i) = j, where
Thus there is a rational t × t matrix M ∈ GL t (Q) satisfying the following relation :
By clearing the denominators, we may assume that M is in GL t (Z). for all g ∈ G. With the same notation as in Theorem 8, we have the following proposition.
Proposition 3. Let k and k be arithmetically equivalent fields. Then there is an exact sequence of right
Proof. Let M be a matrix satisfying the condition
so ϕ may be represented by a matrix M with a basis {ρ 1 , · · · , ρ t } and {ρ 1 , · · · , ρ t } . By the equation (5), ϕ is a right -Z p [G]-module homomorphism. Since M is invertible, ϕ is injective. Moreover, we have the following equation.
Hence cokernel ϕ is killed by det M , but cokernel ϕ is a finitely generated Z pmodule. Therefore cokernel ϕ is finite. This completes the proof. [8] .
. For the rest of this paper, p is a fixed prime number, and let L be a normal closure of k and
, we can identify the following Galois groups
. Now for any prime p including the above exceptional case, regarding Λ L as a subring of Λ k , we have Λ L = Λ k,t for some t ≥ 0 . In this chapter, we will prove that the Iwasawa modules X k,λ and X k ,λ are pseudo-isomorphic as Λ L -modules for any prime p.
Proof of theorems
Let k be a number field, and let L be the Galois closure of k over Q. In addition, we assume that 
Proof. Let L be the Galois closure of k and k . Let e be an integer such that k ∩ Q ∞ = Q e . By Lemma 2, k ∩ Q ∞ = Q e . Let m be the largest integer such that Q m ⊂ L, where Q m is the m-th layer of the basic 
where A is a finite Z p [G]-module. Also note that K is normal in G, and that
Then we can form the tensor product:
Then X is a right Z p [G]-module via the action of Z p [G] on the second factor. We have an exact sequence from the equation (9) .
First, we will prove that
as a Λ L -module. Note that this is a direct sum. Let h ∈ H. Since h ∈ K and K is normal in G, ρ i hρ The µ-invariant is conjectured to be zero for every basic Z p -extension. Assuming the conjecture, we proved the following statement: Theorem 10. Assume that µ is zero for every basic Z p -extension. Let k and k be arithmetically equivalent fields, and p be a prime number. Then
as Λ L = Λ k,t -modules for some t.
In the CM field case
A CM field is a totally imaginary quadratic extension of a totally real number field. Let k be CM, k + its maximal real subfield. Let J denote complex conjugation. 
for n ≡ 1 mod p − 1, where S is the set of primes of k + above p. To make sense of this recall that for a complex character ε we can write L k+ (1 − n, ε) as a sum
where the partial zeta function ζ k+ (σ, 1 − n) is a rational number by a result of Klingen and Siegel. By a result of Wiles [15] , we have the following
Theorem 12.
char(e 0 X k(ζp) ) − Λ = G ε (u(1 + T ) −1 − 1)Λ.
